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Abstract

HPM (History and Pedagogy of Mathematics) is one of the prominent research fields in mathematics
education. Its research focus has gradually shifted from value exploration to practical innovation, with
increasing emphasis on the development of teaching cases and integration of technology to promote the deep
integration of the history of mathematics into instruction, which exerts a significant influence on improving
students’ mathematical literacy. With the implementation of the new curriculum standards, the instructional
transformation aimed at fostering students’ core disciplinary competencies has officially begun.
Educational reforms now place greater emphasis on tracing the origin of knowledge and reconstructing its
developmental trajectory and formation process. However, current senior high school mathematics
classrooms still suffer from monotonous teaching forms, insufficient implementation of core competencies,
and a tendency to overlook the natural process of knowledge emergence and development. HPM instruction
highlights the value of knowledge through authentic historical contexts, facilitates understanding of the
disciplinary essence via diverse mathematical cultures, embodies the educational spirit of cultivating people
through culture, and is highly consistent with the educational policy of fostering virtue through education.
Accordingly, this study takes spatial angles as an example and addresses the following research questions:(1)
What is the current teaching status of spatial angles in senior high school mathematics from the HPM
perspective?(2) How should an instructional design pathway for spatial angles be constructed under the HPM
framework?(3) What is the teaching effect of spatial angles instruction from the HPM perspective?

This study is theoretically supported by constructivist learning theory, genetic teaching principles, and
Freudenthal’s theory of reinvention for HPM-based mathematics classroom instruction. By systematically
sorting out and reconstructing the historical evolution of the angle formed by skew lines, the angle between
a line and a plane, and the dihedral angle, this research restores the formation and development of the concept
of spatial angles. = Four HPM instructional approaches — replication, addition, adaptation, and
reconstruction — are adopted, integrated with information technology and artificial intelligence, to conduct
a one-year teaching practice. The study aims to cultivate students’ core mathematical competencies,
establish a classroom teaching framework suitable for the topic of spatial angles, and provide theoretical
foundations and practical models for frontline teachers to design HPM-based lessons. A mixed-methods
research design is employed, combining literature analysis, case study, and teacher-student interviews to
qualitatively interpret the internal logic of the historical evolution of spatial angles and the operational
mechanism of HPM classrooms. Based on quantitative indicators from teaching assessment data and
classroom observations, the study quantitatively examines the actual effectiveness of teaching
implementation.

Through data collation and analysis, the following conclusions are drawn:(1) The survey reveals that
students show considerable interest in the history of mathematics but have relatively limited access to relevant
knowledge. They lack the ability to connect knowledge pieces and struggle to construct a coherent
knowledge network. Most teachers only integrate the history of mathematics into teaching superficially,
without deeply penetrating the core of knowledge or integrating ideological methods. Their understanding
of practical procedures for teaching spatial angles is vague; although they recognize the practical value of

HPM instruction, they lack accessible instructional design examples.



(2) The HPM-based instructional design pathway for spatial angles is structured around two main lines,
four major steps, five principles, six procedures, and six values. It follows two parallel lines: HPM instruction
and the cultivation of students’ core mathematical competencies, and proceeds through four key stages: topic
selection and preparation, investigation and design, implementation and evaluation, and collation and
reflection. Teaching practice is carried out through three lesson cases: The Angle Formed by Skew Lines,
The Angle Between a Line and a Plane, and The Dihedral Angle. Six procedures are implemented: analyzing
the basis for lesson selection, clarifying teaching elements, formulating teaching objectives, selecting
historical mathematical materials, defining teaching pathways, and conducting evaluation and reflection,
ultimately realizing the six educational values of HPM instruction.

(3) Teaching practice further verifies that: Students hold a positive attitude toward the integration of the
history of mathematics into classrooms. By clarifying the internal origin of spatial angles, experiencing the
emergence and development of knowledge, and identifying the inherent connections among the three types
of spatial angles, students overcome cognitive obstacles, master key and difficult content, develop core
mathematical competencies, and achieve education through culture. The thematic integration of HPM
promotes a holistic understanding of knowledge, supports the professional development of teachers, deepens
their comprehension of the essence of mathematical knowledge, and establishes reusable instructional design
models.

Against the background of technological empowerment and rapid advancement of artificial intelligence,
new quality productivity is profoundly reshaping the allocation of educational resources and continuously
reconstructing the form and connotation of HPM instruction. This trend provides important implications for
future teaching practice: presenting the history of mathematics through modern technologies enables students
to experience the generation and evolution of knowledge in intuitive and interactive learning environments.
By tracing the developmental trajectory of mathematics, students are guided to actively explore the essence
of knowledge and the origin of mathematical ideas, thus achieving a cognitive leap from learning knowledge
to learning how to learn, and from knowing that to knowing why. Meanwhile, technological innovation drives
an all-round intelligent and digital transformation for teachers in teaching concepts, methods, tools,
educational management, and classroom assessment.

In summary, HPM classroom teaching carries profound educational value, yet its practical pathways
require persistent exploration and improvement. It is essential to grasp the bottom-up essence of HPM theory
and sustain long-term, follow-up practical research.

Key words: HPM ; Space Angles ; High School Mathematics ; Classroom teaching
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